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Abstract

Evaluating the calibration of continuous pre-
dictive models relies heavily on the binned
Probability Integral Transform (PIT). Practi-
tioners routinely use arbitrary bin counts (V)
and standard x? goodness-of-fit tests, which
lack theoretical guarantees against worst-case
calibration errors, especially in the large-N
regime or when the sample size fluctuates. In
this work, we translate recent advances in
minimax uniformity testing to the machine
learning calibration setting. By mapping re-
gression Expected Calibration Error (ECE)
to the ¢, distance from uniformity, we pro-
vide two rigorous tools for practitioners: (1)
a formula for the maximum allowable bins
Nax to guarantee detection of a target ECE,
and (2) a test that achieves minimax optimal
rates. Finally, we discuss the trade-off be-
tween discretization bias and statistical noise,
and demonstrate how the formula for Ny .
provides a principled way to choose N that
balances these two effects.

1 Introduction

Continuous calibration evaluates whether a model’s
predictive distribution assigns probabilities that agree
with the empirical frequencies of observed outcomes.
In the continuous setting, this is typically assessed us-
ing the Probability Integral Transform (PIT) together
with histogram binning, where the number of bins N
is usually treated as a heuristic design choice rather
than a principled parameter. Yet the choice of this
resolution parameter masks a fundamental statistical
trade-off. If N is too small, complex or oscillatory
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miscalibrations may cancel within wide bins, falsely
suggesting calibration. If N is too large, the finite test
set of n samples is spread too thin, weakening the sta-
tistical signal and reducing test power; see discussions
in Wallis| (2003); [Nixon et al.| (2019)); [Lee et al.| (2023)
and references therein. Existing approaches for choos-
ing N rely primarily on data-driven procedures that
require additional calibration of the null distribution.
For example, [Lee et al.| (2023)) propose selecting N by
estimating a smoothness parameter from the data.

In this work, we eliminate this arbitrary hyperparame-
ter tuning by adapting recent sharp minimax bounds
for uniformity testing into the machine learning cal-
ibration setting (Kipnis, [2025, 2026|). We establish
the fundamental statistical limits of binned calibration
evaluation and provide practitioners with a rigorous
formula for the maximum allowable resolution N,y
that still guarantees detection of a target ECE. We
further introduce a variance-stabilized test statistic
that achieves asymptotically minimax detection rates
against /,-ECE departures, while remaining easy to
calibrate and robust to random test set sizes, unlike
the standard y? statistic. We show that binning the
PIT histogram smooths the underlying density, so oscil-
latory miscalibrations whose frequency exceeds the bin
resolution cancel within each bin and become invisible
to any binned test. This reveals Ny as the resolution
that optimally trades discretization bias against statis-
tical noise. We illustrate the full picture with a Monte
Carlo experiment on a highly oscillating density.

1.1 Outline

In Section [2| we formulate the calibration testing prob-
lem and discuss the smoothing effect of binning. In
Section [3] we introduce the robust asymptotically min-
imax testing procedure and its risk. In Section [ we
derive a formula for the maximum number of bins Ny ax
given €, n, and target risk R. In Section p| we illus-
trate the theory with a numerical example. Finally, in
Section [l we conclude.
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2 Problem Formulation

2.1 Continuous Calibration and PIT

Let (X,Y) ~ Pxy be a random vector where X € X
and Y € R. Given a trained predictive model that out-
puts a conditional Cumulative Distribution Function
(CDF) F(yl|z), we are interested to test the hypothesis
that the model is perfectly calibrated on a test set
D, = {(X;,Y;)},, assumed to be i.i.d. from Pxy.

In practice, this is done via the PIT (Rosenblatt] 1952;
Dawid, [1984; Diebold et al, [1998)). The PIT value for
an observation (X;,Y;) is defined as:

Vi = F(Y;|X;)

Under the null hypothesis of perfect distributional cali-
bration, Hy : V; ~ Unif(0,1) foralli=1,...,n

Let Q(v) := Pr[V1 < wv] be the true CDF of V; and let
q(v) be the true density. We quantify miscalibration
using the Expected Calibration Error (ECE) (Naeini
et al., |2015; |Chung et al., |2021)):

-(/ latw) - 1|pdv)l/p. 1)

For p = 1, this is the area between the two curves in a
standard reliability diagram (cf. Naeini et al.| (2015]);
Guo et al| (2017)).

ECE,(Q)

2.2 Binning and Discretized ECE

In practice, validating Hy involves binning the PIT
values into N equal-width bins with edges 0 = ¢y <
t1 <...<ty =1 and comparing the binned counts

Zj=#{i : Vi € [tj-1, 4]},

to the uniform baseline (c.f. [Kuleshov et al.| (2018);
Song et al.| (2019); Levi et al.| (2022).

j=1,....N,

Let q := (q1,...,9n) be the true probability mass
function of {Z;, j =1,...,N}. Namely, ¢; := Q(¢;) —
Q(tj—1). Let u := (l/N ,1/N) be the uniform

baseline. Define the probablhty model

H(q) : (Z1,...,ZN) ~ Multi(n,q). (2)
Subject to this discretization, the null hypothesis be-
comes HSN) = H(u) and the ECE is approximated by
the discretized ECE (aka. binned ECE (Roelofs et al.)

2022)):

1/p

ECE(Y)(q Z 4 — 1/NJP

2.3 Smoothing Effect of Binning

Notice that, for p > 1, we have

(ECEgN)(q))p = i

<Z/

S0 ECE;N )(q) < ECE,(Q). The transition between
the lines is due to Jensen’s inequality and convexity
of x — xzP. The key lesson in this inequality is that
bin averaging may smooth fluctuations in ¢(v), making
it look closer to uniform than the true distribution Q.
This smoothing effect is the penalty in taking N to be
too small, whereas the focus of this paper is on the
penalty in taking N to be too large.

/tjj1<q<v> |

— 1 dv = ECE,(Q)",

2.4 Minimax Formulation

A test 1 for calibration of the binned data is a func-
tion from {Z; : j = 1,...,N} to {0,1} whose value
represents whether H(()N) holds or not. The risk of
against a simple alternative H(q) is defined as:

R a) = Pr[(Va,..., Vo) = 1| 1Y)
+Pr[yp(Vi,...,V,)=0| H(q)].

The minimax risk against discretized ECE alternatives
with separation parameter € is defined as:
Ry :=inf sup R(¢;q).
¥ q:ECEQN
q: p  (d)>e

Our goal in this paper is to characterize R}, and the test
attaining it, and understand how R}, is affected by the
number of bins N. We achieve such characterization in
an asymptotic regime, where n and N tend to infinity
while € typically tends to zero.

3 Robust Minimax Testing under ECE
Departures

3.1 Asymptotically Minimax Test

Let

627’L

\/§N2/p73/2. (3)

gn,N,e =
For a reason that will become clear soon, we call &, y .

the signal-to-noise ratio (SNR) parameter of the testing
problem. In the important case of p = 1 we have

EnNe = ne/v/2N.
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Consider the test statistic

Ty = \/% > (2 —n/N)? - Z;], (4)

j=1
and a test ¢* that rejects Hy if

TN > z1—q+, o =®(=&, N./2), (5)
where ® is the standard normal CDF and z; is the
t-th quantile of the standard normal distribution. The
following result is a direct consequence of |Kipnis| (2025)
and |Kipnis| (2026)), when adjusted for the notation
introduced in Section [2] above.

Theorem 3.1. Consider an asymptotic setting where
N = o(n?) and &une — £F for some & € (0,00),
p € (0,2]. Then

(1) Ry =2®(=£"/2) +o(1).
(ii) For the test * defined in (5), we have

sup R(y*;q) = Ry + o(1).
a: ECE(Y) (q)>e

Namely, in the asymptotic setting described above, the
asymptotic minimax risk is 2@(—£*/2) and the test
is asymptotically minimax.

Furthermore, suppose that the sample size n in is
random with n ~ Pois(M), but the rest of the setting
is unchangeﬂ Then (i) and (ii) in Theorem hold
with M replacing n. In particular, the test achieves
the minimax risk R} against ECE departures with
separation parameter ¢ under the random sample size
model.

3.2 Testing based on the Y2 statistic

The x? statistic is defined as:

N

Zj—n N 2
T, zg_fn/N/) (6

It follows from Kipnis| (2025|) that when the sample size
n is random with n ~ Pois(M) and under the same
conditions as in Theorem the maximal risk under
the alternative of the best-calibrated test based on x? is
20(—£,2/2) + o(1), where &2 = &, N,en/M/(M + N).
Therefore, this test is strictly sub-optimal compared to
unless N/M — 0.

'This randomness changes the multinomial distribution
in to a multivariate Poisson distribution, which aligns
with the setting of |[Kipnis| (2025).

4 Determining the Maximum Number
of Bins

The expression for R}y from Theorem [3.1] yields the
maximum number of bins N for a given separation
parameter €, sample size n, and a target testing risk R.

n2et p/(4—3p)
N = Ks@l(l ) J v

In the special case of p = 1, we get

Nowe = |5t <77 )

We note that if one wishes to control the Type I error
at « instead of the risk R, the worst-case Type II error
of the test (with z1_, replacing z1_q+) is

ﬁ*(Oé) = (I’(Zl—a - fn)

To guarantee 5*(a) < 3, one needs &, > z1_o + 213,

giving
p/(4=3p)
2 > -9

It is instructive to interpret formula in light of Sec-
tion[2:3] The choice of N is governed by two competing
effects:

n2€4
Nmax =
2 (Zl—a +z1-p8

e Discretization bias (small N). By Section
binning smooths the density. If ¢(v) fluctuates,
the within-bin integrals partially or fully cancel,
yielding ECE{")(q) < ECE,(Q). The test then
operates against a much weaker separation than
the true continuous ECE.

e Statistical noise (large N). The SNR &, .
decays as N3/272/? (for p = 1, as N~'/?), because
each additional bin spreads the n samples thinner.

The formula N,,., balances these two effects: it is the
finest resolution at which the SNR &, n . still guaran-
tees the target risk R. Using N < Np.x yields excess
statistical power against the discretized alternative, but
the discretization bias may mask the true continuous
miscalibration; see the example in the next section for
a concrete illustration.

5 Numerical Example

We illustrate the discretization-versus-noise trade-off
discussed in Section [4] with a Monte Carlo experiment.
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5.1 Setup

We generate n = 5000 test samples from a simple
linear-Gaussian regression model with d = 5 features:
Y; =w'X; +¢;, 6 ~N(0,1). A calibrated predictor
that knows the true conditional F(y|z) = ®(y — w ' )
produces PIT values V; = F(Y;|X;) ~ Unif(0,1). To
simulate a miscalibrated predictor whose errors are
deliberately hard to detect, we replace the PIT density

by the oscillatory alternative

q(v) =14 acos(2rkv), wve€]0,1], (10)
with frequency k = 50 and amplitude a = 0.2. This pro-
duces a density whose CDF Q(v) = v + 5% sin(27kv)
oscillates rapidly around the diagonal. The asymptotic
(large-IN) binned ECE of this density is eoc = 2a/7.

Notice that due to the Shannon-Nyquist sampling the-
orem, this setup has a natural critical sampling resolu-
tion Ngmp = 2k. Below this resolution it is impossible
to reconstruct ¢(v) with vanishing error even as n — oco.

5.2 The bin-count trade-off

When the PIT values are discretized into N equal-width
bins, a direct calculation of the absolute bin deviations
gives the approximate binned ECE

sin(mrx)

sinc(z) = o

ECEY) ~ ey - [sinc(k/N)|

so the discretization attenuates the true ECE by a
factor that grows smoothly from near zero (when N <
Nsmp) to one, reaching about 64% at N = Ngyp = 2k.
At the same time, the SNR &, n = €2n/v2N decays
as N~1/2, so the testing risk eventually climbs back as
N grows. The formula yields Npax = 303 at the
target risk R = 0.1.

5.3 Monte Carlo protocol

For each value of N in a logarithmic grid from 5 to
5000, we repeat the following 1000 times: (i) draw

n null PIT values V; Unif(0,1) and compute the
standardized statistic Ty ; (ii) draw n alternative PIT
values from ¢ via rejection sampling and compute the
same statistic. We use the theoretical threshold from
with € = €5, and report the resulting empirical risk
(Type I + Type II).

5.4 Results

Figure [I] displays the central result. The risk curve
exhibits the U-shape predicted by the theory: When
N < Ngmp, bin-averaging drives ECE%N) to near zero
and the test has no power. When N > Ny, the

Calibration testing risk vs. resolution (n=5000, k=50, a=0.2, £, =0.127)
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Figure 1: Testing risk (Type I + Type II) as a func-
tion of the number of bins N, averaged over 1000
Monte Carlo repetitions. Blue: empirical risk of the
minimax test (5). Red dashed: theoretical predic-
tion 2®(—&, n,/2). The critical sampling resolution
Nemp = 2k (green) and Npax of (8) (purple) are
marked.
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Figure 2: Left: binned ECEgN) as a function of N.
Below Ngmp = 2k, bin-averaging cancels the oscillation
and the ECE is near zero. Right: the SNR parameter
&n.N,e. It peaks when the trade-off between increasing
ECE and decreasing per-bin sample size is balanced,
then decays as N /2 for large N.

binned ECE is fully resolved, but statistical noise dom-
inates (n/N samples per bin) and the risk climbs back
toward 1. The two competing effects are also visualized
separately in Figure

6 Conclusion

We provided a rigorous statistical foundation for the
empirical evaluation of continuous predictive models.
By translating the machinery of minimax uniformity
testing to the domain of regression calibration, we
eliminated the heuristic guesswork traditionally associ-
ated with binning the Probability Integral Transform
(PIT). We established a precise limit Nyax, ensuring
practitioners can safely maximize their histogram res-
olution without drowning the Expected Calibration
Error (ECE) signal in multinomial noise. key insight is
that binning smooths the density, so Ny ax is the finest
resolution at which this discretization bias is controlled
while the statistical noise remains manageable.
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