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Genera Info
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State-Space Models



Motivation

• Model time series as two different ones:

1. Unobserved state (xt).

2. Observations (yt).

• Separation of state dynamics and observation procedure.

3



State-Space Model – Definition

1. Definition: State Equation:

x t = Φx t−1 + w t ,

where

• x t , w t are p × 1,

• Φ is p × p,

• w t
iid∼ N (0,Q).

2. Definition: Observation Equation:

y t = Atx t + v t

• yt , vt are q × 1,

• At is q × p,

• vt
iid∼ N (0,R).

• Initial Conditions: x0 ∼ N (µ0,Σ0).

• Other names: Linear Gaussian Model, Dynamic Linear Model

(DLM).
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Example 6.1: Biomedical Monitoring

plot(blood , type=’o’, pch=19, xlab=’day’, main=’’)

• 3 variables:

1. log(white blood cell count) [WBC];

2. log(platelet count) [PLT];

3. Hematocrit level [HCT];

• New feature: Missing values.

• We can model all 3 variables using the SS approach and estimate

the missing values. 5



Example 6.1: Biomedical Monitoring (cont’d)

• State Equationxt1xt2
xt3

 =

φ11 φ12 φ13
φ21 φ22 φ23
φ31 φ32 φ33


xt−1,1xt−1,2
xt−1,3

+

wt1

wt2

wt3


• Observation Equation:

y t = Atx t + vt , At =

{
I3×3 observed,

03×3 missing.

• Covariances: Q and R are diagonal.
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Example of State-Space Models

• AR(p) model:

xt =

p∑
i=1

φixt−i + wt .

• State Equation:

x t = Φx t−1 + w t ,

where

• x t = (xt , xt−1, . . . , xt−p+1)′,

• w t = (wt , 0, , . . . , 0)′ (Q1,1 = σ2
w , Qi,j = 0 for (i , j) 6= (1, 1))

•

Φ =


φ1 φ2 · · · φp−1 φp

1 0 · · · 0 0

0 1 · · · 0 0

0 0 · · · 1 0


• Observation Equation:

yt =

A︷ ︸︸ ︷
(1, 0, . . . , 0)′ x t + 0

(R = 0 and q = 1) 7



Example 6.2: Global Warming, I

ts.plot(globtemp , globtempl , col=c(6,4), ylab=’Temperature Deviations ’)

• Two global temperature series:

1. Land-based.

2. Marine Based.

• Suppose both series are observing the same signal with different

noises

yt1 = xt + vt1, yt2 = xt + vt2.

• Common trend model: xt = xt−1 + wt .
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Example 6.2: Global Warming, II

Represent in State-Space form:

• State Equation:

x t = Φx t−1 + wt

• State Vector: x t = [xt ] (p = 1).

• State Dynamics: Φ = [1].

• Q = Cov([wt ]) = σ2
w .

• Observation Equation:

y t =

[
yt1
yt2

]
=

[
1

1

]
xt +

[
vt1
vt2

]
, R = Var

([
vt1
vt2

])
=

[
r11 r12
r21 r22

]
.
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State-Space with Exogenous Variables

• Suppose that (ut) is a r × 1-dimensional vector series.

• State-space model:

x t = Φx t−1 + Υut + w t ,

y t = Atxt + Γut + v t ,

where:

• Υ is p × r ,

• Γ is q × r .

• Example 6.2 (Global Warming):

• Suppose common trend+drift model:

xt = δ + xt−1 + wt , δ > 0.

• State-space equations:

x t = x t−1 + Υut + w t

where ut = [1] and Υ = δ.

• The observation equation does not change (Γ = 0).
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Example 6.3: AR(1) Process Hidden in Observation Noise, I

• Univariate SS model with noisy observations

yt = xt + vt , vt
iid∼ N (0, σ2

v ),

and AR(1) state

xt = φxt−1 + wt , wt
iid∼ N (0, σ2

w ), x0 ∼ N
(

0,
σ2
w

1− φ2

)
.

• Warning: (yt) is not AR(1)! (actually, it is ARMA(1, 1))
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State-Space Model Representation of MA(1)

• Standard MA(1)

xt = wt + θwt−1.

• State:

x t = [wt ,wt−1]′.

• State Equation:

x t = Φx t−1 + v t , Φ =

[
0 0

1 0

]
, Q =

[
σ2
w 0

0 0

]
.

• Observation Equation:

y t = [1, θ]x t .
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Kalman Filtering



Why State-Space Models?

• Versatile Model

• Time-varying/invariant observation At

• Separation between observations and state dynamics.

• Missing data.

• Original motivation: Kalman Filter:

• Recursive set of equations for obtaining fundamental quantities at

time t from fundamental quantities at time t − 1.

• Best prediction:

x s
t ≡ E

[
x t |y s , y s−1, . . .

]
.

• Error Covariance:

P s
t1,t2 = E

[
(x t1 − x s

t1)(x t2 − x s
t2)′
]
.

• Widely used in engineering applications.
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Kalman Filter

https://www.youtube.com/watch?v=aNzGCMRnvXQ
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Barack Obama Congratulating Rudolf Kalman

(October 7, 2009)
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Bio Facts: Rudolf Kalman
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Filtering, Smoothing, and Forecasting

Terminology:

• y 1:s ≡ {y 1, . . . , y s}.
• x s

t ≡ E [x t |y 1:s ] (best MSE estimator).

• Different problems:

• Prediction or Forecasting: s < t.

• Filtering: s = t.

• Smoothing: s > t.
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Kalman Filter (Property 6.1)

• Initial Conditions: x0
0 = µ0, P0

0 = Σ0.

• Recursion t = 1, 2, . . . , n:

• State Prediction:

x t−1
t = Φx t−1

t−1 + Υut .

• State Covariance:

P t−1
t ≡ ΦP t−1

t−1Φ′ + Q.

• Observation Prediction Errors:

εt ≡ y t − Atx t−1
t − Γut .

• Kalman Gain:

Kt ≡ P t−1
t A′t

(
AtP

t−1
t A′t + R

)−1

.

• State Estimation:

x t
t = x t−1

t + Ktεt .

• State Uncertainty:

P t
t = (I − KtAt)P

t−1
t .
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Signal Flow in Kalman Filter
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Example 6.4: Random Walk in Noise

• Random walk in noise model:

xt = xt−1 + wt , x0 = w0 ∼ N (0, 1),

yt = xt + vt .

(1a) x t−1t = x t−1t−1 .

(1b) P t−1
t = P t−1

t−1 + σ2
w .

(2a) εt = yt − x t−1t

(2b) Kt = P t−1
t /(P t−1

t + σ2
v ).

(3a) x tt = x t−1t + Ktεt .

(3b) P t
t = (1− Kt)P

t−1
t .
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Kalman Smoother, I

• Kalman Filter is Causal: x t
t only depends on observations until time

t.

• Best non-causal Estimate:

xn
t = E [x t |y 1:n] , t < n.

• Error of Best non-causal Estimate:

Pn
t = E

[
(x t − xn

t ) (x t − xn
t )′
]
.
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Kalman Smoother, II

Property 6.2:

• Initial Conditions: xn
n, Pn

n (output of standard Kalman filter at

time t = n).

• Recursion t = n, n − 1, . . . , 1:

xn
t−1 = x t−1

t−1 + Jt−1(xn
t − x t−1

t )

Pn
t−1 = P t−1

t−1 + Jt−1(Pn
t − P t−1

t )J ′t−1,

where

Jt−1 = P t−1
t−1Φ′t [P

t−1
t ]−1.
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Tracking Noisy Pointer Measurements

https://www.cs.utexas.edu/~teammco/misc/kalman_filter/
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